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MIXED MULTIPLICITIES OF FILTRATIONS
STEVEN DALE CUTKOSKY, PARANGAMA SARKAR, AND HEMA SRINIVASAN
Abstract. In this paper we define and explore properties of mixed multiplicities of (not
necessarily Noetherian) filtrations of mR-primary ideals in a Noetherian local ring R,
generalizing the classical theory for mR-primary ideals. We construct a real polynomial
whose coefficients give the mixed multiplicities. This polynomial exists if and only if the
dimension of the nilradical of the completion of R is less than the dimension of R, which
holds for instance if R is excellent and reduced. We show that many of the classical
theorems for mixed multiplicities of mR-primary ideals hold for filtrations, including the
famous Minkowski inequalities of Teissier, and Rees and Sharp.
1. Introduction
The theory of mixed multiplicities of mR-primary ideals in a Noetherian local ring R
with maximal idealmR, was initiated by Bhattacharya [2], Rees [28] and Teissier and Risler
[33]. In this paper we extend mixed multiplicities to arbitrary; that is, not necessarily
Noetherian, filtrations of R by mR-primary ideals and explore their properties.
An account of the history of the Minkowski inequalities of mixed multiplicities is given
in [12]. This article explains the origins of this subject in Teissier’s work on equisingularity
[33], and gives many important references. A survey of the theory of mixed multiplicities
of ideals, with proofs, can be found in [32, Chapter 17]. We refer to this book for references
to many important results in this area. We particularly mention Sections 17.1 - 17.3 of
[32] which develops the theory of joint reductions, including discussion of the results of
the papers [29] of Rees and [31] of Swanson. A further development is by Katz and Verma
[19] , who generalized mixed multiplicities to ideals which are not all mR-primary. Trung
and Verma [36] computed mixed multiplicities of monomial ideals from mixed volumes of
suitable polytopes. Mixed multiplicities are used by Huh in the analysis of the coefficients
of the chromatic polynomial of graph theory in [14].
The starting point of our investigation is the following theorem which allows one to
define the multiplicity of a filtration of R by mR-primary ideals. As the theorem shows,
one must impose the condition that the dimension of the nilradical of the completion Rˆ
of R is less than the dimension of R. Let λ(M) denote the length of an R-module M .
Theorem 1.1. ([7, Theorem 1.1] and [8, Theorem 4.2]) Suppose that R is a Noetherian
local ring of dimension d, and N(Rˆ) is the nilradical of the mR-adic completion Rˆ of R.
Then the limit
(1) lim
n→∞
λ(R/In)
nd
exists for any filtration I = {In} of R by mR-primary ideals, if and only if dimN(Rˆ) < d.
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The nilradical N(R) of a d-dimensional ring R is
N(R) = {x ∈ R | xn = 0 for some positive integer n}.
We have that the dimension of the R-module N(R) is dimN(R) = d if and only if there
exists a minimal prime P of R such that dimR/P = d and RP is not reduced.
The problem of existence of such limits (1) has also been considered by Ein, Lazarsfeld
and Smith [11] and Mustat¸a˘ [25]. In the case when the ring R is a domain and is essentially
of finite type over an algebraically closed field k with R/mR = k, Lazarsfeld and Mustat¸a˘
[22] showed that the limit exists for all filtrations of R by mR-primary ideals . All of these
assumptions are necessary in their proof.
The following is a very simple example of a filtration of mR-primary ideals such that
the above limit is not rational. Let k be a field and R = k[[x]] be a power series ring over
k. Let In = (x
⌈n√2⌉) where ⌈α⌉ is the round up of a real number α (the smallest integer
which is greater than or equal to α). Then {In} is a graded family of mR-primary ideals
such that
lim
n→∞
λ(R/In)
n
=
√
2
is an irrational number.
There are also irrational examples determined by the valuation ideals of a discrete
valuation. In Example 6 of [10] an example is given of a normal 3 dimensional local ring
R which is essentially of finite type over a field of arbitrary characteristic and a divisorial
valuation ν on the quotient field of R which dominates R such that the filtration of mR-
primary ideals {In} defined by
In = {f ∈ R | ν(f) ≥ n}
satisfies that the limit
lim
n→∞
λ(R/In)
n3
is irrational.
Non-Noetherian filtrations (⊕n≥0In not Noetherian) occur naturally in commutative
algebra. The filtration of ideals determined by a divisorial valuation which dominates
a normal local ring is generally not Noetherian. For instance, the condition that a two
dimensional normal local ring R satisfies the condition that this filtration is Noetherian
for all divisorial valuations dominating R is the condition (N) of Muhly and Sakuma [24].
It is proven in [5] that a complete normal local ring of dimension two satisfies condition
(N) if and only if its divisor class group is a torsion group.
The existence of mixed multiplicities of (not necessarily Noetherian) filtrations I(1) =
{I(1)i}, . . . ,I(r) = {I(r)i} of mR-primary ideals is established in Theorem 6.1 of this
paper. Let M be a finitely generated R-module. In Theorem 6.1 and Theorem 6.6, it is
shown that the function
(2) P (n1, . . . , nr) = lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnrM)
md
is equal to a homogeneous polynomial G(n1, . . . , nr) of total degree d with real coefficients
for all n1, . . . , nr ∈ N. This limit always exists if and only if the dimension of the nilradial
N(Rˆ) of the mR-adic completion of R is less than d = dimR, as follows from Theorem
1.1 stated above. We must thus impose the condition that dimN(Rˆ) < d. This condition
holds if R is analytically unramified; that is, Rˆ is reduced. We may then define the
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mixed multiplicities of M from the coefficients of G, generalizing the definition of mixed
multiplicities for mR-primary ideals. Specifically, we write
G(n1, . . . , nr) =
∑
d1+···+dr=d
1
d1! · · · dr!eR(I(1)
[d1], . . . ,I(r)[dr ];M)nd11 · · ·ndrr .
We say that eR(I(1)[d1], . . . ,I(r)[dr];M) is the mixed multiplicity ofM of type (d1, . . . , dr)
with respect to the filtrations I(1), . . . ,I(r). Here we are using the notation
eR(I(1)[d1], . . . ,I(r)[dr];M)
for the coefficients of G(n1, . . . , nr) to be consistent with the classical notation for mixed
multiplicities of M for mR-primary ideals from [33]. The mixed multiplicity of M of type
(d1, . . . , dr) with respect to mR-primary ideals I1, . . . , Ir, denoted by eR(I
[d1]
1 , . . . , I
[dr ]
r ;M)
([33], [32, Definition 17.4.3]) is equal to the mixed multiplicity eR(I(1)[d1], . . . ,I(r)[dr ];M),
where the filtrations I(1), . . . ,I(r) are defined by I(1) = {Ii1}i∈N, . . . ,I(r) = {Iir}i∈N.
We write the multiplicity eR(I;M) = eR(I [d];M) if r = 1, and I = {Ii} is a filtration
of R by mR-primary ideals. We have that
eR(I;M) = lim
m→∞ d!
λ(M/ImM)
md
.
We have by Proposition 6.5, that for 1 ≤ i ≤ r,
eR(I(i);M) = eR(I(1)[0], . . . ,I(i− 1)[0],I(i)[d],I(i+ 1)[0], . . . ,I(r)[0];M),
generalizing the equality for mR-primary ideals by Rees in [28, Lemma 2.4].
We show that many of the classical properties of mixed multiplicities for mR-primary
ideals continue to hold for filtrations, including the famous “Minkowski inequalities”,
proven in Theorem 6.3, and stated below. The Minkowski inequalities were formulated
and proven for mR-primary ideals by Teissier [33], [34] and proven in full generality, for
Noetherian local rings, by Rees and Sharp [30]. We prove the strong inequality 1) from
which the inequalities 2), 3) and 4) follow. The fourth inequality 4) was proven for filtra-
tions of R by mR-primary ideals in a regular local ring with algebraically closed residue
field by Mustat¸a˘ ([25, Corollary 1.9]) and more recently by Kaveh and Khovanskii ([18,
Corollary 7.14]). The inequality 4) was proven with our assumption that dimN(Rˆ) < d
in [8, Theorem 3.1]. Inequalities 2) - 4) can be deduced directly from inequality 1), as
explained in [33], [34], [30] and [32, Corollary 17.7.3] .
Theorem 1.2. (Minkowski Inequalities) Suppose that R is a Noetherian d-dimensional
local ring with dimN(Rˆ) < d, M is a finitely generated R-module and I(1) = {I(1)j} and
I(2) = {I(2)j} are filtrations of R by mR-primary ideals. Then
1) eR(I(1)[i],I(2)[d−i];M)2 ≤ eR(I(1)[i+1],I(2)[d−i−1];M)eR(I(1)[i−1],I(2)[d−i+1];M)
for 1 ≤ i ≤ d− 1.
2) For 0 ≤ i ≤ d,
eR(I(1)[i],I(2)[d−i];M)eR(I(1)[d−i],I(2)[i];M) ≤ eR(I(1);M)eR(I(2);M),
3) For 0 ≤ i ≤ d, eR(I(1)[d−i],I(2)[i];M)d ≤ eR(I(1);M)d−ieR(I(2);M)i and
4) eR(I(1)I(2));M) 1d ≤ eR(I(1);M) 1d + eR(I(2);M) 1d ,
where I(1)I(2) = {I(1)jI(2)j}.
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In Section 7, we give an example showing that Theorem 6.1 does not have a good ex-
tension to arbitrary multigraded non Noetherian filtrations I = {In1,...,nr} of mR-primary
ideals, even in a power series ring in one variable over a field. In our example (d = 1)
P (n1, n2) = lim
m→∞
λ(R/Imn1,mn2)
m
= ⌈
√
n21 + n
2
2⌉
for n1, n2 ∈ N, where ⌈x⌉ is the round up of a real number x. The function P (n1, n2) is
far from polynomial like.
We will show however that the function P (n1, . . . , nr) is polynomial like in an impor-
tant situation. We show that the multigraded filtration of mR-primary ideals measuring
vanishing along the exceptional divisors of a resolution of singularities of an excellent,
normal, two dimensional local ring is such that the function
P (n1, . . . , nr) = lim
m→∞
λ(R/Imn1,...,mnr)
m2
is a piecewise polynomial function (a polynomial with rational coefficients when restricted
to a member of an abstract complex of polyhedral sets whose union is Q≥0). The function
P (n1, . . . , nr) is in fact an intersection product on the resolution of singularities. These
formulas hold, even though the filtration {In1,...,nr} is generally not Noetherian.
The first step in the construction of mixed multiplicities for mR-primary filtrations
is to construct them for Noetherian filtrations. In this case the associated multigraded
Hilbert function is a quasi polynomial, whose highest degree terms are constant, rational
numbers, as we show in Proposition 3.5. We next restrict in Section 4 to the case M = R
and assume that R is analytically irreducible. Using methods of volumes of Newton-
Okounkov bodies adapted to our situation, we show in Proposition 4.3 and Corollary 4.4
that the coefficients of the polynomials Pa(n1, . . . , nr) of (2) for successive Noetherian
approximations Ia(1), . . . ,Ia(r) of I(1), . . . ,I(r), all have a limit as a → ∞. We then
define G(x1, . . . , xn) to be the real polynomial with these limit coefficients, and show in
Theorem 4.5 that for n1, . . . , nr ∈ Z+, G(n1, . . . , nr) is the function P (n1, . . . , nr) of (2)
for the filtrations I(1), . . . ,I(r). In Section 5, we obtain the reductions necessary to prove
Theorem 6.1, allowing us to define mixed multiplicities for filtrations of mR-primary ideals
in Section 6.
We will denote the nonnegative integers by N and the positive integers by Z+. We will
denote the set of nonnegative rational numbers by Q≥0 and the positive rational numbers
by Q+. We will denote the set of nonnegative real numbers by R≥0.
The maximal ideal of a local ring R will be denoted by mR. The quotient field of a
domain R will be denoted by Q(R). We will denote the length of an R-module M by
λR(M) or λ(M) if the ring R is clear from context.
A filtration I = {In}n∈N of ideals on a ring R is a descending chain
R = I0 ⊃ I1 ⊃ I2 ⊃ · · ·
of ideals such that IiIj ⊂ Ii+j for all i, j ∈ N. A filtration I = {In} of ideals on a local
ring R is a filtration of R by mR-primary ideals if Ij is mR-primary for j ≥ 1. A filtration
I = {In}n∈N of ideals on a ring R is said to be Noetherian if
⊕
n≥0 In is a finitely generated
R-algebra.
2. Polynomials, Quasi Polynomials and Multiplicities I
A map σ : Nr → Q is said to be periodic if there exists α ∈ N such that
σ(n1, n2, . . . , ni + α, . . . , nr) = σ(n1, n2, . . . , ni, . . . , nr)
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for all (n1, . . . , nr) ∈ Nr and 1 ≤ i ≤ r. If this condition holds, then α is said to be a
period of σ.
In this section we suppose that (R,mR) is a Noetherian local ring, M is a finitely
generated R-module and {I(j)i} are Noetherian filtrations of R by mR-primary ideals
for all 1 ≤ j ≤ r. Then for all 1 ≤ j ≤ r, there exists an integer α ≥ 1 such that
R
(α)
j =
⊕
n≥0
I(j)αn are Noetherian standard N-graded rings (by [3][Proposition 3, Section
1.3, Chapter III]). Therefore
S =
⊕
n1,...,nr≥0
I(1)αn1 · · · I(r)αnr
is a Noetherian standard Nr-graded ring where S(n1,...,nr) = I(1)αn1 · · · I(r)αnr . For all
1 ≤ j ≤ r, consider the ideals
Kj =
⊕
n1,...,nr≥0
I(1)αn1 · · · I(j − 1)αnj−1I(j)αnj+1I(j + 1)αnj+1 · · · I(r)αnr
of S where (Kj)(n1,...,nr) = I(1)αn1 · · · I(j−1)αnj−1I(j)αnj+1I(j+1)αnj+1 · · · I(r)αnr . Then
for all 1 ≤ j ≤ r,
G
(α)
j := S/Kj
=
⊕
n1,...,nr≥0
I(1)αn1 · · · I(j)αnj · · · I(r)αnr
I(1)αn1 · · · I(j − 1)αnj−1I(j)αnj+1I(j + 1)αnj+1 · · · I(r)αnr
are standard graded algebras over R/I(j)1.
For all 1 ≤ j ≤ r and integers 0 ≤ bj ≤ α− 1, we have finitely generated G(α)j -modules
G
(b1,...,br)
j (M)
:=
⊕
n1,...,nr≥0
I(1)αn1+b1 ···I(j)αnj+bj ···I(r)αnr+brM
I(1)αn1+b1 ···I(j−1)αnj−1+bj−1I(j)αnj+bj+1I(j+1)αnj+1+bj+1 ···I(r)αnr+brM
.
By [13][Theorem 4.1], for all 1 ≤ j ≤ r and integers 0 ≤ bj ≤ α − 1, there exist poly-
nomials P
(j)
(b1,...,br)
(X1, . . . ,Xr) ∈ Q[X1, . . . ,Xr] and an integer m ∈ Z+ such that for all
n1, . . . , nr ≥ m, we have
H
(j)
(b1,...,br)
(n1, . . . , nr)
:= λ
(
I(1)αn1+b1 ···I(j)αnj+bj ···I(r)αnr+brM
I(1)αn1+b1 ···I(j−1)αnj−1+bj−1I(j)αnj+bj+1I(j+1)αnj+1+bj+1 ···I(r)αnr+brM
)
= P
(j)
(b1,...,br)
(n1, . . . , nr).
Proposition 2.1. Let Q1(X1, . . . ,Xr), . . . , Qk(X1, . . . ,Xr) ∈ Q[X1, . . . ,Xr] be numerical
polynomials and 1 ≤ l be a fixed integer. Then for any integer t ≥ 1 and j ∈ {1, . . . , r},
t∑
n=0
k∑
m=1
Qm(n1, . . . , nj−1, l + n, nj+1, . . . , nr)
is a polynomial Q(n1, . . . , nj−1, t, nj+1, . . . , nr) in n1, . . . , nj−1, t, nj+1, . . . , nr with coeffi-
cients in Q.
Proof. Fix j. For all m ∈ {1, . . . , k}, we have
Qm(n1, . . . , nr) =
∑
β=(β1,...βr)∈Nr
|β|≤dm
emβ
(
n1 + β1
β1
)
· · ·
(
nr + βr
βr
)
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where dm is the total degree of Qm. Then
Q˜(n1, . . . , nr) =
k∑
m=1
Qm(n1, . . . , nr) =
∑
β=(β1,...βr)∈Nr
|β|≤d
uβ
(
n1 + β1
β1
)
· · ·
(
nr + βr
βr
)
is a numerical polynomial of total degree less than or equal to d with d = max{d1, . . . , dk}
and uβ =
k∑
m=1
emβ for all β = (β1, . . . βr) ∈ Nr with |β| ≤ d (note that emβ = 0 if |β| > dm).
Let Aβ := uβ
(n1+β1
β1
) · · · (nj−1+βj−1
βj−1
)(nj+1+βj+1
βj+1
) · · · (nr+βrβr ). Then for any integer t ≥ 1,
t∑
n=0
k∑
m=1
Qm(n1, . . . , nj−1, l + n, nj+1, . . . , nr)
=
t∑
n=0
Q˜(n1, . . . , nj−1, l + n, nj+1, . . . , nr)
=
t∑
n=0
∑
β=(β1,...βr)∈Nr
|β|≤d
Aβ
(l+n+βj
βj
)
=
∑
β=(β1,...βr)∈Nr
|β|≤d
Aβ
[ t∑
n=0
(
l + n+ βj
βj
)]
=
∑
β=(β1,...βr)∈Nr
|β|≤d
Aβ
[(t+ l + βj + 1
βj + 1
)
−
(
l + βj
βj + 1
)]
= Q(n1, . . . , nj−1, t, nj+1, . . . , nr).

For all 1 ≤ j ≤ r and integers 0 ≤ bj ≤ α− 1, we define
(α; b1, . . . , br) = {(n1, . . . , nr) ∈ Nr : nj ≡ bj(mod α) for all 1 ≤ j ≤ r}.
Proposition 2.2. Suppose that R is a Noetherian local ring, M is a finitely generated
R-module and I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are Noetherian filtrations of R by mR-
primary ideals. Consider the function λ(M/I(1)n1 · · · I(r)nrM) of n1, . . . , nr ∈ N where
λ is the length as an R-module. Then there exist c ∈ Z+, s ∈ N and periodic functions
σi1,...,ir(n1, . . . , nr) such that whenever n1, . . . , nr ≥ c, we have that
λ(M/I(1)n1 · · · I(r)nrM) =
∑
i1+···+ir≤s
σi1,...,ir(n1, . . . , nr)n
i1
1 n
i2
2 · · ·nirr .
Proof. (We use the integer α and the polynomials P
(j)
(b1,...,br)
mentioned in the above dis-
cussion.)
For all 1 ≤ j ≤ r and integers 0 ≤ bj ≤ α− 1, we define the polynomials
Q
(j)
(b1,...,bj ,0,...,0)
(n1, . . . , nr)
=

0 if bj = 0
bj∑
i(j)=1
P
(j)
(b1,...,bj−1,i(j)−1,0,...,0)(n1, . . . , nr) if 1 ≤ bj ≤ α− 1.
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Let α ≤ t = αl ∈ N be such that H(j)
(b1,...,br)
(m1, . . . ,mr) = P
(j)
(b1,...,br)
(m1, . . . ,mr) for
all m1, . . . ,mr ≥ l with 0 ≤ b1, . . . , br ≤ α − 1. Let (n1, . . . , nr) ∈ (α; b1, . . . , br) with
nj ≥ c = t+ α for all 1 ≤ j ≤ r. Then
λ(M/I(1)n1 · · · I(r)nrM)
= λ(M/I(1)t · · · I(r)tM) +
n1−t−1∑
i=0
λ
(
I(1)t+iI(2)t···I(r)tM
I(1)t+i+1I(2)t···I(r)tM
)
+
n2−t−1∑
i=0
λ
(
I(1)n1 I(2)t+iI(3)t···I(r)tM
I(1)n1 I(2)t+i+1I(3)t···I(r)tM
)
+ · · ·+
nr−t−1∑
i=0
λ
(
I(1)n1 I(2)n2 ···I(r−1)nr−1I(r)t+iM
I(1)n1 I(2)n2 ···I(r−1)nr−1 I(r)t+i+1M
)
= λ(M/I(1)t · · · I(r)tM)
+
⌊n1−t
α
⌋−1∑
p(1)=0
α∑
i(1)=1
P
(1)
(i(1)−1,0,...,0)(l + p(1), l, . . . , l) +Q
(1)
(b1,0,...,0)
(l + ⌊n1−tα ⌋, l, . . . , l)
+
⌊n2−t
α
⌋−1∑
p(2)=0
α∑
i(2)=1
P
(2)
(b1,i(2)−1,0,...,0)(l + ⌊
n1−t
α ⌋, l + p(2), l, . . . , l)
+Q
(2)
(b1,b2,0,...,0)
(l + ⌊n1−tα ⌋, l + ⌊n2−tα ⌋, l, . . . , l)
...
+
⌊nr−t
α
⌋−1∑
p(r)=0
α∑
i(r)=1
P
(r)
(b1,...,br−1,i(r)−1)(l + ⌊
n1−t
α ⌋, . . . , l + ⌊nr−1−tα ⌋, l + p(r))
+Q
(r)
(b1,...,br)
(l + ⌊n1−tα ⌋, . . . , l + ⌊nr−tα ⌋)
= λ(M/I(1)t · · · I(r)tM)
+
r∑
j=1
[⌊nj−t
α
⌋−1∑
p(j)=0
α∑
i(j)=1
P
(j)
(b1,...,bj−1,i(j)−1,0,...,0)(l + ⌊
n1−t
α ⌋, . . . , l + ⌊
nj−1−t
α ⌋, l + p(j), l, . . . , l)
+Q
(j)
(b1,...,bj ,0,...,0)
(l + ⌊n1−tα ⌋, . . . , l + ⌊
nj−t
α ⌋, l, . . . , l)
]
Using Proposition 2.1, we have a multigraded polynomial
T(b1,...,br)(X1, . . . ,Xr) :=
∑
i1+···+ir≤u(b1,...,br)
e
(b1,...,br)
(i1,...,ir)
Xi11 · · ·Xirr ∈ Q[X1, . . . ,Xr]
such that
T(b1,...,br)(m1, . . . ,mr)
= λ(M/I(1)t · · · I(r)tM)
+
r∑
j=1
[mj−1∑
p(j)=0
( α∑
i(j)=1
P
(j)
(b1,...,bj−1,i(j)−1,0,...,0)(l +m1, . . . , l +mj−1, l + p(j), l, . . . , l)
)
+Q
(j)
(b1,...,bj ,0,...,0)
(l +m1, . . . , l +mj, l, . . . , l)
]
and for all (n1, . . . , nr) ∈ (α; b1, . . . , br) with nj ≥ c for 1 ≤ j ≤ r, we get
λ(M/I(1)n1 · · · I(r)nrM) = T(b1,...,br)(a(n1), . . . , a(nr))
where a(nj) := ⌊nj−tα ⌋ =
nj−t−bj
α for all 1 ≤ j ≤ r and let u(b1, . . . , br) be the total degree
of T(b1,...,br).
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Now for all (n1, . . . , nr) ∈ (α; b1, . . . , br), we have
T(b1,...,br)(a(n1), . . . , a(nr))
=
∑
i1+···+ir≤u(b1,...,br)
e
(b1,...,br)
(i1,...,ir)
a(n1)
i1 · · · a(nr)ir
=
∑
i1+···+ir≤u(b1,...,br)
e
(b1,...,br)
(i1,...,ir)
(n1−t−b1)i1 ···(nr−t−br)ir
αi1+···+ir
.
Let σ
(b1,...,br)
(i1,...,ir)
(n1, . . . , nr) denote the coefficient of n
i1
1 · · ·nirr in the above equation.
Let ej = (0, . . . , 0, 1, 0, . . . , 0) ∈ Nr with 1 at the j-th position where j ∈ {1, . . . , r}. Note
that
(n1, . . . , nr) + αej ∈ (α; b1, . . . , br) and a(nj + α) = ⌊nj + α− t
α
⌋ = nj + α− t− bj
α
.
Thus for all 1 ≤ j ≤ r, we have
σ
(b1,...,br)
(i1,...,ir)
(n1, . . . , nr) = σ
(b1,...,br)
(i1,...,ir)
(n1, . . . , nj−1, nj + α, nj+1 . . . , nr).
For all (m1, . . . ,mr) ∈ (α; b1, . . . , br), we define
σi1,...,ir(m1, . . . ,mr) =
{
σ
(b1,...,br)
(i1,...,ir)
(m1, , . . . ,mr) if i1 + · · · + ir ≤ u(b1, . . . , br)
0 if i1 + · · · + ir > u(b1, . . . , br).
Therefore for all n1, . . . , nr ≥ c and s = max{u(b1, . . . , br) : 0 ≤ b1, . . . , br ≤ α−1}, we get
λ(M/I(1)n1 · · · I(r)nrM) =
∑
i1+···+ir≤s
σi1,...,ir(n1, . . . , nr)n
i1
1 · · ·nirr .

3. Polynomials, Quasi Polynomials and Multiplicities II
Lemma 3.1. Suppose that r, d ≥ 1 and a = (r−1+dr−1 ). Then there exist n1(i), . . . nr(i) ∈ Z+
for 1 ≤ i ≤ a such that the set of vectors consisting of all monomials of degree d in
n1(i), . . . , nr(i) for 1 ≤ i ≤ a,
{(n1(1)d, n1(1)d−1n2(1), . . . , nr(1)d), . . . , (n1(a)d, n1(a)d−1n2(a), . . . , nr(a)d)}
is a Q-basis of Qa.
Proof. Let Λ : (Q+)
r → Qa be defined by Λ(s1, . . . , sr) = (sd1, sd−11 s2, . . . , sdr). We will first
show that the image of Λ is not contained in a proper Q-linear subspace of Qa. Suppose
otherwise. Then there exists a nonzero linear form
L(yd,0,...,0, yd−1,1,0,...,0, . . . , y0,...,0,d) =
∑
i1+···+ir=d
αi1,...,iryi1,...,ir
on Qa such that L(sd1, s
d−1
1 s2, . . . , s
d
r) = 0 for all (s1, . . . , sr) ∈ (Q+)r. The degree d form
G(x1, . . . , xr) := L(x
d
1, x
d−1
1 x2, . . . , x
d
r) vanishes on (Q+)
r. Since Q is an infinite field, this
implies that G(x1, . . . , xr) is the zero polynomial (as follows from the proof of Theorem 2.19
[15]). But G(x1, . . . , xr) is a nontrivial linear combination of the monomials in x1, . . . , xr
of degree d, so it cannot be zero. So Image(Λ) is not contained in a proper linear subspace
of Qa. Thus there exist (s1(i), . . . , sr(i)) ∈ (Q+)r for 1 ≤ i ≤ a such that
{(s1(1)d, s1(1)d−1s2(1), . . . , sr(1)d), . . . , (s1(a)d, s1(a)d−1s2(a), . . . , sr(a)d)}
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is a Q-basis of Qa. There exists a positive integer u such that ni(j) = usi(j) ∈ Z+ for all
i, j, and since
(n1(j)
d, n1(j)
d−1n2(j), . . . , nr(j)d) = ud(s1(j)d, s1(j)d−1s2(j), . . . , sr(j)d)
for 1 ≤ j ≤ a, we have that
{(n1(1)d, n1(1)d−1n2(1), . . . , nr(1)d), . . . , (n1(a)d, n1(a)d−1n2(a), . . . , nr(a)d)}
is a Q-basis of Qd. 
Lemma 3.2. Let g =
(
r−1+d
r−1
)
. There exist n1(i), . . . , nr(i) ∈ Z+ for 1 ≤ i ≤ g and
cj(i1, . . . , ir) ∈ Q for 1 ≤ j ≤ g and i1, . . . , ir ∈ N with i1 + · · · + ir = d, such that if
F (x1, . . . , xr) ∈ Q[x1, . . . , xr] is a polynomial of total degree d, with an expansion
(3) F (x1, . . . , xr) =
∑
i1+···+ir≤d
ai1,...,irx
i1
1 · · · xirr ∈ Q[x1, . . . , xr]
with ai1,...,ir ∈ Q, then for i1, . . . , ir ∈ N with i1 + · · · + ir = d,
(4) ai1,...,ir =
g∑
j=1
cj(i1, . . . , ir)bj
where
(5) bj = lim
m→∞
F (mn1(j), . . . ,mnr(j))
md
.
Proof. By Lemma 3.1, we can choose ni(j) ∈ Z+ for 1 ≤ i ≤ r and 1 ≤ j ≤ g so that
B =
 n1(1)
d n1(1)
d−1n2(1) · · · nr(1)d
...
...
n1(g)
d n1(g)
d−1n2(g) · · · nr(g)d

has rank g. Write
(6) B−1 =

c1(d, 0, . . . , 0) · · · cg(d, 0, . . . , 0)
c1(d− 1, 1, 0, . . . , 0) · · · cg(d− 1, 1, 0, . . . , 0)
...
...
c1(0, . . . , 0, d) · · · cg(0, . . . , 0, d)
 .
Suppose F (x1, . . . , xr) ∈ Q[x1, . . . , xr] has the expression (3). By (3) and (5),
bj = lim
t→∞
F (tn1(j), . . . , tnr(j))
td
=
∑
i1+···+ir=d
ai1,...,irn1(j)
i1 · · · nr(j)ir
for 1 ≤ j ≤ g. We thus have that
B

ad,0,...,0
ad−1,1,0,...,0
...
a0,...,0,d
 =

b1
b2
...
bg
 ,
so that (4) holds by (6). 
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Suppose that R is a Noetherian local ring of dimension d, M is a finitely generated
R-module and J is an mR-primary ideal in R. Recall that the multiplicity eR(J ;M) is
defined by the expansion of the Hilbert polynomial of M , which is equal to λ(M/JmM)
for m≫ 0,
eR(J ;M)
d!
md + lower order terms in m,
so that
eR(J ;M) = lim
m→∞ d!
λ(M/JmM)
md
.
Lemma 3.3. Suppose R is a Noetherian local ring of dimension d, M is a finitely generated
R-module and
I(1) = {I(1)i}, . . . ,I(r) = {I(r)i}
are Noetherian filtrations of R by mR-primary ideals. Let a ∈ Z+ be such that I(j)ia =
I(j)ia for 1 ≤ j ≤ r and i ≥ 0. Suppose n1, . . . , nr ∈ N. Then
lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnrM)
md
=
1
d!ad
eR(I(1)an1 · · · I(r)anr ;M) ∈ Q+.
Proof. For m ∈ Z+, write m = ua + v with 0 ≤ v < a. Then we have a short exact
sequence of R-modules
0→ I(1)uan1 · · · I(r)uanrM/I(1)mn1 · · · I(r)mnrM →M/I(1)mn1 · · · I(r)mnrM
→M/I(1)uan1 · · · I(r)uanrM → 0.
We have that for m≫ 0,
λ(I(1)uan1 · · · I(r)uanrM/I(1)mn1 · · · I(r)mnrM)
≤ λ(M/I(1)(u+1)an1 · · · I(r)(u+1)anrM)− λ(M/I(1)uan1 · · · I(r)uanrM)
=
eR(I(1)an1 ···I(r)anr ;M)
(d−1)! u
d−1 + lower order terms in u.
So
limm→∞
λ(I(1)uan1 ···I(r)uanrM/I(1)mn1 ···I(r)mnrM)
md
≤ limu→∞
eR(I(1)an1 ···I(r)anr ;M)
(d−1)!
ud−1+ lower order terms in u
(ua+v)d
= 0.
Thus
limm→∞
λ(M/I(1)mn1 ···I(r)mnrM)
md
= limu→∞
λ(M/I(1)uan1 ···I(r)uanrM)
(ua+v)d
= 1
d!ad
eR(I(1)an1 · · · I(r)anr ;M).

Define the total degree of a quasi polynomial
∑
σi1,...,ir(n1, . . . , nr)n
i1
1 · · · nirr to be
the largest t such that there exists i1, . . . , ir ∈ N with i1 + · · · + ir = t, such that
σi1,...,ir(n1, . . . , nr) is not (identically) zero.
Proposition 3.4. Let
P (n1, . . . , nr) =
∑
σi1,...,ir(n1, . . . , nr)n
i1
1 · · ·nirr
be the quasi polynomial of the conclusions of Proposition 2.2. Then the total degree of
P (n1, . . . , nr) is dimM , and σi1,...,ir(n1, . . . , nr) is a constant function if i1 + · · · + ir =
dimM .
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Proof. Let t be the total degree of P (n1, . . . , nr) and let a ∈ Z+ be such that I(j)ai =
I(j)ia for all i ≥ 0 and 1 ≤ j ≤ r, so that a is a common period of the coefficients
σi1,...,ir(n1, . . . , nr) of P (n1, . . . , nr) (by the proof of Proposition 2.2). Suppose that
b1, . . . , br ∈ N with 0 ≤ bi < a for all i. Suppose n1, . . . , nr ∈ Z+. Then for n1, . . . , nr ≫ 0,
λ(M/I(1)an1+b1 · · · I(r)anr+brM) = P (an1 + b1, . . . , anr + br).
Define
P(b1,...,br)(n1, . . . , nr) := P (an1 + b1, . . . , anr + br)
=
∑
i1+···+ir≤t σi1,...,ir(an1 + b1, . . . , anr + br)(an1 + b1)
i1 · · · (anr + br)ir
=
∑
i1+···+ir≤t σi1,...,ir(b1, . . . , br)(an1 + b1)
i1 · · · (anr + br)ir
=
∑
i1+···+ir=t σi1,...,ir(b1, . . . , br)a
tni11 · · ·nirr
+ lower total order terms in n1, . . . , nr.
We have that P(b1,...,br)(n1, . . . , nr) ∈ Q[n1, . . . , nr] is a polynomial. For fixed n1, . . . , nr ∈
Z+ and m >> 0, we have
P(0,...,0)(mn1, . . . ,mnr) = λ(M/I(1)amn1 · · · I(r)amnrM) = λ(M/(I(1)an1 · · · I(r)anr)mM).
Thus by [32][Lemma 11.1.3],
lim
m→∞
P(0,...,0)(mn1, . . . ,mnr)
mdimM
∈ Q+.
Therefore the total degree of P(0,...,0)(n1, . . . , nr) is dimM .
Fix n1, . . . , nr ∈ Z+ and bi ∈ N with 0 ≤ bi < a for 1 ≤ i ≤ r. For m ∈ Z+, we have
short exact sequences of R-modules,
0→ I(1)man1 · · · I(r)manrM/I(1)man1+b1 · · · I(r)manr+brM →M/I(1)man1+b1 · · · I(r)manr+brM
→M/I(1)man1 · · · I(r)manrM → 0.
Now for m≫ 0,
λ(I(1)man1 · · · I(r)manrM/I(1)man1+b1 · · · I(r)manr+brM)
≤ λ(I(1)man1 · · · I(r)manrM/I(1)(m+1)an1 · · · I(r)(m+1)anrM)
= P(0,...,0)((m+ 1)n1, . . . , (m+ 1)nr)− P(0,...,0)(mn1, . . . ,mnr)
is a polynomial of degree less than dimM in m. Thus
limm→∞
P(b1,...,br)(mn1,...,mnr)
mdimM
= limm→∞
λ(M/I(1)man1 ···I(r)manrM)
mdimM
= limm→∞
P(0,...,0)(mn1,...,mnr)
mdimM
and
σi1,...,ir(b1, . . . , br) = σi1,...,ir(0, . . . , 0)
if i1 + · · · + ir = dimM by Lemma 3.2.

Proposition 3.5. Suppose that R is a Noetherian local ring, M is a finitely generated
R-module and I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are Noetherian filtrations of R by mR-
primary ideals. Then there exist a positive integer c and periodic functions σi1,...,ir(n1, . . . , nr)
such that whenever n1, . . . , nr ≥ c, we have that
λ(M/I(1)n1 · · · I(r)nrM) =
∑
i1+···+ir≤dimM
σi1,...,ir(n1, . . . , nr)n
i1
1 n
i2
2 · · ·nirr
is a quasi polynomial of total degree equal to dimM , and the coefficients σi1,...,ir(n1, . . . , nr)
are constants whenever i1 + · · ·+ ir = dimM .
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Proof. This follows from Propositions 2.2 and 3.4. 
4. Volumes on analytically irreducible local domains
Definition 4.1. Suppose that I = {Ii} is a filtration of ideals on a local ring R. For
a ∈ Z+, the a-th truncated filtration Ia = {Ia,i} of I is defined by Ia,n = In if n ≤ a and
if n > a, then Ia,n =
∑
Ia,iIa,j where the sum is over i, j > 0 such that i+ j = n.
We give an algebraic proof of the following lemma. A geometric proof is given on page
9 of [7].
Lemma 4.2. Suppose that R is an excellent d-dimensional local domain. Then there
exists an excellent regular local ring S of dimension d which birationally dominates R.
Proof. Let d = dimR. Let z1, . . . , zd be a system of parameters in R and let Q =
(z1, . . . , zd), which is an mR-primary ideal in R. Let T be the integral closure of B =
R[z2z1 , . . . ,
zd
z1
] in Q(R). The ring T is an excellent ring and is a finitely generated R-algebra
by [23, Theorem 78, page 257].
We will now show that z1 is not a unit in B, using an argument from [1, (1.3.1) on
page 15]. Suppose that z1 is a unit in B. Then there exists y ∈ B such that z1y = 1, so
there exists a nonzero polynomial f(X2, . . . ,Xd) of some degree n with coefficients in R
such that y = f
(
z2
z1
, . . . , zdz1
)
. Then zn1 = z
n+1
1 y = z1g(z1, . . . , zd) where g(X1, . . . ,Xd) is
a nonzero homogeneous polynomial of degree n with coefficients in R. Thus zn1 ∈ mRQn,
which is a contradiction by [37, Theorem 21 on page 292]. We further have that z1 is not
a unit in T since T is finite over B. Now QT = z1T and z1 is not a unit in T and so
ht(P ) = 1 if P is a minimal prime of mRT by Krull’s principal ideal theorem.
We next show that T has dimension d. The ring R is universally catenary since R is
excellent, so the dimension formula holds between R and T (the inequality (*) on page 85
[23] is an equality). Let n be a maximal ideal of T which contains z1. Then n ∩R = mR.
We have that T/n is a finitely generated algebra over the field R/mR and T/n is a field,
so that T/n is a finite R/mR-module by [20, Corollary 1.2, page 379]. By the dimension
formula, we have that
ht(n) = ht(mR) + trdegQ(R)Q(T )− trdegR/mRT/nT = ht(mR) = d.
Since the dimension formula gives us that ht(m) ≤ d for all maximal ideals m in T , we
have that dimT = d. Let
NR(T ) = {P ∈ Spec(T ) | TP is not a regular local ring}.
The set NR(T ) is a closed set since T is excellent. Let I be an ideal of T such that
NR(T ) = Spec(T/I). If P is a minimal prime of I then ht(P ) > 1 since T is normal
(Serre’s criterion for normality). The Jacobson radical of T/mRT (the intersection of all
maximal ideals of T/mRT ) is the nilradical of T/mRT by [23, Theorem 25, page 93], since
T/mRT is a finitely generated algebra over the field R/mR. Let I = I(T/mRT ). There
exists a maximal ideal n of T/mRT such that I 6⊂ n since otherwise I ⊂
√
mRT which is
impossible, since all minimal primes of I have height larger than 1 and all minimal primes
of mRT have height equal to one. Let n be the lift of n to a maximal ideal of T . Then
S := Tn is a regular local ring of dimension d which birationally dominates R. 
In this section, we suppose that R is a Noetherian local ring of dimension d which
is analytically irreducible. Suppose that I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are (not
12
necessarily Noetherian) filtrations of R by mR-primary ideals. Define a function F : N
r →
R by
(7) F (n1, . . . , nr) = lim
m→∞
λ(R/I(1)mn1 · · · I(r)mnr)
md
for n1, . . . , nr ∈ N where the limit is over m ∈ Z+. This limit exists by Theorem 1.1.
For a ∈ Z+, let {Ia(j)i} be the a-th truncated filtration of {I(j)i} for 1 ≤ j ≤ r (defined
in Definition 4.1). By Proposition 3.5, for a ∈ Z+, there is a homogeneous polynomial
Fa(x1, . . . , xr) of total degree d in Q[x1, . . . , xr], such that
lim
m→∞
λ(R/Ia(1)mn1 · · · Ia(r)mnr)
md
= Fa(n1, . . . , nr)
if n1, . . . , nr ∈ Z+. Expand
Fa(x1, . . . , xr) =
∑
i1+···+ir=d
bi1,...,ir(a)x
i1
1 · · · xirr
with bi1,...,ir(a) ∈ Q.
Proposition 4.3. For fixed n1, . . . , nr ∈ Z+,
lim
a→∞Fa(n1, . . . , nr) = F (n1, . . . , nr).
Proof. Define filtrations of ideals {Ji} and {J(a)i} by Ji = I(1)in1 · · · I(r)inr and J(a)i =
Ia(1)in1 · · · Ia(r)inr .
We use a construction and method from the proof of [7, Theorem 4.2]. We begin by
reviewing the construction in the context of this proposition. Since λ(R/Ji) = λRˆ(Rˆ/Jˆi)
and λ(R/J(a)i) = λRˆ(Rˆ/J(a)iRˆ) for all i and a and Rˆ is a domain, we may assume that
R is complete and thus is excellent. By Lemma 4.2, there exists a regular local ring S
of dimension d which birationally dominates R. Choosing a regular system of parameters
y1, . . . , yd in S and λ1, . . . , λd ∈ R which are rationally independent real numbers such that
λi ≥ 1 for all i, we define a valuation ν on the quotient field of R such that ν dominates S
by prescribing ν(ya11 · · · yadd ) = a1λ1 + · · · + adλd for a1, . . . , ad ∈ N and ν(γ) = 0 if γ ∈ S
is a unit. Let k = R/mR and k
′ = S/mS .
We will show that the residue field Vν/mν = k
′. Given an element h ∈ Vν , let [h] denote
the class of f in the residue field Vν/mν . Suppose h ∈ Vν and ν(h) = 0. Write h = fg with
f, g ∈ S. There exist a unit α ∈ S, i1, . . . , id ∈ N and a ∈ S such that f = αyi11 · · · yidd + a
and ν(a) > ν(f) = i1λ1 + · · · + idλd. Similarly, there exist a unit β ∈ S, j1, . . . , jd ∈ N
and b ∈ S such that g = βyj11 · · · yjdd + b with ν(b) > ν(g) = j1λ1 + · · · + jdλd. We have
that yi11 · · · yidd = yj11 · · · yjdd since ν(f) = ν(g). Now [ fyi11 ···yidd
] = [α] and [ g
y
i1
1 ···y
id
d
] = [β] so
[h] = [α][β] ∈ S/mS = k′.
For λ ∈ R≥0, define ideals Kλ and K+λ in the valuation ring Vν of ν by
Kλ = {f ∈ Q(R) | ν(f) ≥ λ}
and
K+λ = {f ∈ Q(R) | ν(f) > λ}.
For t ≥ 1, define semigroups
Γ(t) = {(m1, . . . ,md, i) ∈ Nd+1 | dimk Ji ∩Km1λ1+···+mdλd/Ji ∩K+m1λ1+···+mdλd ≥ t
and m1 + · · · +md ≤ βi},
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Γ(a)(t) = {(m1, . . . ,md, i) ∈ Nd+1 | dimk J(a)i ∩Km1λ1+···+mdλd/J(a)i ∩K+m1λ1+···+mdλd ≥ t
and m1 + · · ·+md ≤ βi}
and
Γˆ(t) = {(m1, . . . ,md, i) ∈ Nd+1 | dimk R ∩Km1λ1+···+mdλd/R ∩K+m1λ1+···+mdλd ≥ t
and m1 + · · ·+md ≤ βi}.
Here β = αc where c ∈ Z+ is chosen so that mcR ⊂ J1 = J(a)1 = I(1)n1 · · · I(r)nr and
α ∈ Z+ is such that Kαn ∩ R ⊂ mnR for all n ∈ N. Such an α exists by [6, Lemma 4.3].
Define Γ
(t)
m = Γ(t)∩ (Nd×{m}), Γ(a)(t)m = Γ(a)(t)∩ (Nd×{m}) and Γˆ(t)m = Γˆ(t)∩ (Nd×{m})
for m ∈ N.
The Newton-Okounkov body of a (strongly nonnegative) sub semigroup S of Zd ×N is
defined as
∆(S) = con(S) ∩ (Rd × {1})
where con(S) is the closed convex cone which is the closure of the set of all linear combi-
nations
∑
λisi with si ∈ S and λi a nonnegative real number. This theory is developed
in [27], [22] and [17] and is summarized in [7, Section 3].
By [7, Lemmas 4.5 and 4.6] and [7, Theorem 3.2],
(8) lim
m→∞
#Γ
(t)
m
md
= Vol(∆(Γ(t))),
(9) lim
m→∞
#Γ(a)
(t)
m
md
= Vol(∆(Γ(a)(t)))
and
(10) lim
m→∞
#Γˆ
(t)
m
md
= Vol(∆(Γˆ(t)))
all exist (where #T is the number of elements in a finite set T ).
By [7, (19) on page 11],
(11)
Fa(n1, . . . , nr) = limm→∞
λ(R/J(a)m)
md
=
∑[k′:k]
t=1 limm→∞
#Γˆ
(t)
m
md
−∑[k′:k]t=1 limm→∞ #Γ(a)(t)mmd
with a similar formula
(12)
F (n1, . . . , nr) = limm→∞
λ(R/Jm)
md
=
∑[k′:k]
t=1 limm→∞
#Γˆ
(t)
m
md
−∑[k′:k]t=1 limm→∞ #Γ(t)mmd .
Let
a = ⌊a/max{n1, . . . , nr}⌋
where ⌊x⌋ is the greatest integer in a real number x. We have that
(13) Γ
(t)
i = Γ(a)
(t)
i for i ≤ a
and so
n ∗ Γ(t)a := {x1 + · · ·+ xn | x1, . . . , xn ∈ Γ(t)a } ⊂ Γ(a)(t)na for all n ≥ 1.
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By [22, Proposition 3.1] (recalled in [7, Theorem 3.3]) and since a 7→ ∞ as a 7→ ∞, given
ε > 0, there exists a0 > 0 such that for all a ≥ a0 we have
(14)
Vol(∆(Γ(t))) ≥ Vol(∆(Γ(a)(t)) = limn→∞ #Γ(a)
(t)
n
nd
= limn→∞
#Γ(a)
(t)
na
(na)d
≥ limn→∞ #(n∗Γ
(t)
a
)
(na)d
≥ Vol(∆(Γ(t)))− ε.
By (11) - (14), the proposition holds.

The following corollary now follows from Lemma 3.2 and Proposition 4.3.
Corollary 4.4. For all i1, . . . , ir ∈ N with i1 + · · · + ir = d,
(15) bi1,...,ir := lima→∞ bi1,...,ir(a)
exists (in R).
Now define a homogeneous polynomial
G(x1, . . . , xr) =
∑
i1+···+ir=d
bi1,...,irx
i1
1 · · · xirr ∈ R[x1, . . . , xr],
where the bi1,...,ir are defined by (15).
Theorem 4.5. For all n1, . . . , nr ∈ Z+,
F (n1, . . . , nr) = G(n1, . . . , nr).
Proof. For fixed n1, . . . , nr ∈ Zr+ and a ∈ Z+,
|F (n1, . . . , nr)−G(n1, . . . , nr)| ≤ |F (n1, . . . , nr)− Fa(n1, . . . , nr)|
+ |Fa(n1, . . . , nr)−G(n1, . . . , nr)|
which is arbitrarily small for a≫ 0 by Proposition 4.3 and Corollary 4.4. 
5. Reduction to local domains
Lemma 5.1. Suppose R is a Noetherian domain and M is a torsion free finitely generated
R-module. Then there exists a short exact sequence of R-modules
0→ Rs →M → F → 0
where s = rank(M) and dimF < dimR.
Proof. Let K be the quotient field of R and {e1, . . . , es} be a K-basis ofM⊗RK. SinceM
is torsion free, we have a natural inclusion M ⊂M ⊗K. For all i, there exists 0 6= xi ∈ R
such that xiei ∈ M , so after replacing ei with xiei, we may assume that ei ∈ M . Let
ϕ : Rs → M be the R-module homomorphism ϕ = (e1, . . . , es). Let L be the kernel of ϕ
and F be the cokernel. We have a commutative diagram
0 → L → Rs ϕ→ M → F → 0
↓ ↓
Ks
ϕ→ M ⊗R K → F ⊗R K → 0
where the vertical arrows are injective and the rows are exact. By our construction of ϕ,
Ks
ϕ→M ⊗R K is an isomorphism. Thus L = 0 and dimF < dimR.

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Lemma 5.2. Suppose R is a Noetherian local ring of dimension d and M is a finitely
generated R-module. Let T be a submodule of M such that dimT < d, so that there is a
short exact sequence of R-modules
0→ T →M →M/T :=M → 0.
Suppose I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are filtrations of R by mR-primary ideals.
Then for fixed n1, . . . , nr ∈ N,
lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnrM)
md
= lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnrM)
md
.
Proof. Define a filtration of R by mR-primary ideals by Jm = I(1)mn1 · · · I(r)mnr . We
have short exact sequences of R-modules
0→ T/T ∩ (JmM)→M/JmM →M/JmM → 0.
There exists a positive integer c such that mcR ⊂ J1. Thus mcmR T ⊂ T ∩ (JmM) for all m
and
λ(T/T ∩ JmM) ≤ λ(T/mcmR T ).
Since dimT < d,
lim
m→∞
λ(T/mcmR T )
md
= 0
and the lemma follows.

Lemma 5.3. Suppose that R is a Noetherian local domain of dimension d and M is a
finitely generated R-module. Suppose I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are filtrations of
R by mR-primary ideals. Let s = rank(M). Suppose n1, . . . , nr ∈ N. Then
lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnrM)
md
= s
(
lim
m→∞
λ(R/I(1)mn1 · · · I(r)mnr)
md
)
.
Proof. Define a filtration of mR-primary ideals by Jm = I(1)mn1 · · · I(r)mnr . By Lemma
5.2, we may assume that M is torsion free, so there exists by Lemma 5.1, a short exact
sequence of R-modules
0→ Rs →M → F → 0
where dimF < d. There exists c > 0 such that mcR ⊂ J1. There exists 0 6= x ∈ R such
that xM ⊂ Rs. We have exact sequences for all m ∈ Z+,
0→ Rs ∩ (JmM)/JmRs → Rs/JmRs
→M/JmM → Nm → 0
where Nm is defined to be the cokernel of the last map, and we have an exact sequence
(16) 0→ Am → Rs/JmRs x→ Rs/JmRs → Wm → 0
where Am is the kernel of the first map and Wm is the cokernel of the last map. We have
Am = [(Jm : x)/Jm]
s .
We have that
x(Rs ∩ JmM) ⊂ JmRs
so that
λ(Rs ∩ (JmM)/JmRs) ≤ λ(Am).
We have that
Wm ∼= [(R/(x))/Jm(R/(x))]s
16
so
λ(Wm) ≤ λ((R/(x))/mcmR (R/(x)))s
for all m. Thus
lim
m→∞
λ(Am)
md
= lim
m→∞
λ(Wm)
md
= 0
by (16) and so
lim
m→∞
λ(Rs ∩ JmM/JmRs)
md
= 0.
Now xM ⊂ Rs implies
Nm ∼=M/Rs + JmM =M/(Rs + JmM + xM).
Thus
λ(Nm) ≤ λ((M/xM)/mcmR (M/xM)
and so
lim
m→∞
λ(Nm)
md
= 0
since dimM/xM < d, and the lemma follows.

Lemma 5.4. Suppose that R is a d-dimensional reduced Noetherian local ring and M is
a finitely generated R-module. Let {P1, . . . , Ps} be the minimal primes of R and S =⊕s
i=1R/Pi. Suppose I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are filtrations of R by mR-
primary ideals. Suppose that n1, . . . , nr ∈ Z+ are fixed. Then
lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnr)
md
= lim
m→∞
λ(M ⊗R S/I(1)mn1 · · · I(r)mnrM ⊗R S)
md
.
Proof. Define a filtration of R by mR-primary ideals by Jm = I(1)mn1 · · · I(r)mnr . There
exists c ∈ Z+ such that mcR ⊂ J1. Since S is a finitely generated R submodule of the total
ring of fractions T =
⊕s
i=1Q(R/Pi) of R, there exists a non zerodivisor x ∈ R such that
xS ⊂ R. Tensoring the short exact sequence
0→ R→ S → S/R→ 0
of R-modules with M , we have a natural short exact sequence of R-modules,
M
γ→M ⊗R S →M ⊗R (S/R)→ 0.
Let K = kernel γ and U = Image γ. We have that (Kernel γ)Pi = 0 for 1 ≤ i ≤ s since
RPi
∼= SPi for all i. Thus dimKernel γ < d, and by Lemma 5.2,
lim
m→∞
λ(U/JmU)
md
= lim
m→∞
λ(M/JmM)
md
.
Let V =M ⊗R S. We have short exact sequences of R-modules,
0→ U ∩ JmV/JmU → U/JmU → V/JmV → Nm → 0
where Nm = V/U + JmV . We also have short exact sequences
(17) 0→ Am → U/JmU x→ U/JmU →Wm → 0
where Am is the kernel of multiplication by x and Wm is the cokernel. Now x(U ∩
JmV ) ⊂ JmU , so U ∩ JmV/JmU ⊂ Am for all m. Now Wm ∼= (U/xU)/Jm(U/xU) and
dimU/xU < d. We have that
λ(Wm) ≤ λ((U/xU)/mmcR (U/xU))
17
and thus
lim
m→∞
λ(Wm)
md
= 0.
From (17), we have
lim
m→∞
λ(U ∩ JmV/JmU)
md
≤ lim
m→∞
λ(Am)
md
= lim
m→∞
λ(Wm)
md
= 0.
Since xV ⊂ U , we have
Nm ∼= V/U + JmV = V/(U + JmV + xV ).
Thus
λ(Nm) ≤ λ((V/xV )/mmcR (V/xV ))
for all m, so
lim
m→∞
λ(Nm)
md
= 0
since dimV/xV < d. 
6. Mixed Multiplicities of Filtrations
The following theorem allows us to define mixed multiplicities for arbitrary (not nec-
essarily Noetherian) filtrations of mR-ideals in a Noetherian local ring with dimN(Rˆ) <
dimR. By Theorem 1.1, if the assumption dimN(Rˆ) < d is removed from the hypotheses
of Theorem 6.1, then the conclusions of Theorem 6.1 will no longer be true. Theorem 6.1
generalizes a theorem of Bhattacharya [2] and Teissier and Risler [33] (also proven in [32,
Theorem 17.4.2]) for mR-primary ideals to filtrations of mR-primary ideals.
Theorem 6.1. Suppose that R is a Noetherian local ring of dimension d such that
dimN(Rˆ) < d
and I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are (not necessarily Noetherian) filtrations of R by
mR-primary ideals. Suppose that M is a finitely generated R-module. Then there exists
a homogeneous polynomial G(x1, . . . , xr) ∈ R[x1, . . . , xr] which is of total degree d if G is
nonzero, such that for all n1, . . . , nr ∈ Z+,
lim
m→∞
λ(M/I(1)mn1 · · · I(r)nmrM)
md
= G(n1, . . . , nr).
We will see in Theorem 6.6 that the conclusions of the theorem hold for all n1, . . . , nr ∈
N.
Proof. Replacing R with Rˆ, I(j)i with I(j)iRˆ and M with M ⊗R Rˆ, we may assume that
R is complete. By Lemma 5.2 (taking T = N(R)M) we reduce to the case where R is
analytically unramified. By Lemma 5.4, we reduce to the case where R is analytically
irreducible. By Lemma 5.3, we reduce to the case where R is analytically irreducible and
M = R. Theorem 6.1 now follows from Theorem 4.5. 
Let assumptions be as the statement of Theorem 6.1. Generalizing the classical defini-
tion of mixed multiplicities for mR-primary ideals ([2], [28], [33], [32, Definition 17.4.3])
we define the mixed multiplicities of M of type (d1, . . . , dr) with respect to the filtrations
I(1), . . . ,I(r) of R by mR-primary ideals
eR(I(1)[d1], . . . ,I(r)[dr];M)
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from the coefficients of the homogeneous polynomial G(n1, . . . , nr). Specifically, we write
G(n1, . . . , nr) =
∑
d1+···dr=d
1
d1! · · · dr!eR(I(1)
[d1], . . . ,I(r)[dr];M)nd11 · · ·ndrr .
We write the multiplicity eR(I;M) = eR(I [d];M) if r = 1, and I = {Ii} is a filtration
of R by mR-primary ideals. We have that
eR(I;M) = lim
m→∞ d!
λ(M/ImM)
md
.
Proposition 6.2. Suppose that R is a d-dimensional Noetherian local ring with dimN(Rˆ) <
d. Suppose I(j) = {I(j)i} for 1 ≤ j ≤ r are filtrations of R by mR-primary ideals and M
is a finitely generated R-module. Then for all d1, . . . , dr with d1 + · · · + dr = d, we have
that
lim
a→∞ eR(Ia(1)
[d1], . . . ,Ia(r)[dr ];M) = eR(I(1)[d1], . . . ,I(r)[dr ];M).
Proof. The proof of Theorem 6.1 gives a reduction to the case that R is analytically
irreducible and M = R. The proposition now follows from Corollary 4.4. 
The following theorem extends to filtrations of R by mR-primary ideals the Minkowski
inequalities of mR-primary ideals of Teissier [33], [34] and Rees and Sharp [30]. The
inequality 4) of Theorem 6.3 was proven for graded families of mR-primary ideals in a
regular local ring with algebraically closed residue field by Mustat¸a˘ (Corollary 1.9 [25])
and more recently by Kaveh and Khovanskii ([18, Corollary 7.14]). The inequality 4) was
proven with our assumption that dimN(Rˆ) < d in [8, Theorem 3.1]. Inequalities 2) - 4)
can be deduced directly from inequality 1), as in the proof of [32, Corollary 17.7.3], as
explained in [34], [30] and [32].
Theorem 6.3. (Minkowski Inequalities) Suppose that R is a Noetherian d-dimensional
local ring with dimN(Rˆ) < d, M is a finitely generated R-module and I(1) = {I(1)j} and
I(2) = {I(2)j} are filtrations of R by mR-primary ideals. Then
1) eR(I(1)[i],I(2)[d−i];M)2 ≤ eR(I(1)[i+1],I(2)[d−i−1];M)eR(I(1)[i−1],I(2)[d−i+1];M)
for 1 ≤ i ≤ d− 1.
2) For 0 ≤ i ≤ d,
eR(I(1)[i],I(2)[d−i];M)eR(I(1)[d−i],I(2)[i];M) ≤ eR(I(1);M)eR(I(2);M),
3) For 0 ≤ i ≤ d, eR(I(1)[d−i],I(2)[i];M)d ≤ eR(I(1);M)d−ieR(I(2);M)i and
4) eR(I(1)I(2));M) 1d ≤ eR(I(1);M) 1d + eR(I(2);M) 1d ,
where I(1)I(2) = {I(1)jI(2)j}.
Proof. By the reduction of the proof of Theorem 6.1, it suffices to prove the theorem for
R an analytically irreducible domain and M = R. We first will show that for all a ∈ Z+,
the Minkowski inequalities hold for the a-th truncated filtrations Ia(1) = {Ia(1)m} and
Ia(2) = {Ia(2)m} (defined in Definition 4.1).
Given a ∈ Z+, there exists fa ∈ Z+ such that Ia(i)fam = (Ia(i)fa)m for all m ≥ 0 and
i = 1, 2. Define filtrations of R by mR-primary ideals by Ja(i)m = Ia(i)fam. Then for
n1, n2 ∈ Z+,
lim
m→∞
λ(R/Ja(1)mn1Ja(2)mn2)
md
=
∑
d1+d2=d
1
d1!d2!
eR(Ja(1)
[d1]
1 , Ja(2)
[d2]
1 ;R)n
d1
1 n
d2
2 ,
lim
m→∞
λ(R/Ja(k)
m
1 )
md
=
1
d!
eR(Ja(k)1;R)
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for k = 1 and 2 and
lim
m→∞
λ(R/(Ja(1)1Ja(2)1)
m)
md
=
1
d!
eR(Ja(1)1Ja(2)1;R)
where eR(Ja(1)
[d1], Ja(2)
[d2];R), eR(Ja(1)1;R), eR(Ja(2)1;R), eR(Ja(1)Ja(2)1;R) are the
usual mixed multiplicities of ideals ([32, Theorem 17.4.2, Definition 17.4.3]).
Now the Minkowski inequalities hold for the mixed multiplicities of ideals
eR(Ja(1)
[d1]
1 , Ja(2)
[d2]
1 ;R), eR(Ja(1)1;R), eR(Ja(2)1;R) and eR(Ja(1)1Ja(2)1;R)
by [30] or [32, Theorem 17.7.2 and Corollary 17.7.3]. By Lemma 3.3,
lim
m→∞
λ(R/Ia(1)mn1 , Ia(2)mn2)
md
=
1
fda
(
lim
m→∞
λ(R/Ja(1)
mn1
1 Ja(2)
mn2
1 )
md
)
for all n1, n2 ∈ N,
lim
m→∞
λ(R/Ia(k)m)
md
=
1
fda
lim
m→∞
λ(R/Ja(k)
m
1 )
md
for k = 1 and 2 and
lim
m→∞
λ(R/Ia(1)mIa(2)m)
md
=
1
fda
lim
m→∞
λ(R/(Ja(1)1Ja(2)1)
m)
md
.
By Lemma 3.2,
eR(Ia(1)[d1],Ia(2)[d2];R) = 1
fda
eR(Ja(1)
[d1]
1 , Ja(2)
[d2]
1 ;R)
for all d1, d2,
eR(Ia(1);R) = 1
fda
eR(Ja(1)1;R), eR(Ia(2)1;R) = 1
fda
eR(Ja(2)1;R)
and
eR(Ia(1)Ia(2);R) = 1
fda
eR(Ja(1)1Ja(2)1;R).
Thus the Minkowski inequalities hold for the eR(Ia(1)[d1],Ia(2)[d2];R), eR(Ia(1);R),
eR(Ia(2);R) and eR(Ia(1)Ia(2);R). Now the Minkowski inequalities hold for the
eR(I(1)[d1],I(2)[d2];R), eR(I(1);R), eR(I(2);R) and eR(I(1)I(2);R)
by Proposition 6.2. 
Remark 6.4. (Minkowski equality) Teissier [35] (for Cohen Macaulay normal complex
analytic R), Rees and Sharp [30] (in dimension 2) and Katz [16] (in complete generality)
have proven that if R is a d-dimensional formally equidimensional Noetherian local ring
and I(1), I(2) are mR-primary ideals such that the Minkowski equality
eR((I(1)I(2));R)
1
d = eR(I(1);R)
1
d + eR(I(2);R)
1
d
holds, then there exist positive integers r and s such that the complete ideals I(1)r and
I(2)s are equal, which is equivalent to the statement that the R-algebras
⊕
n≥0 I(1)
n and⊕
n≥0 I(2)
n have the same integral closure.
This statement is not true for filtrations, even in a regular local ring, as is shown
by the following simple example. Let k be a field and R be the power series ring R =
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k[[x1, . . . , xd]]. Let I(1) = {I(1)i} where I(1)i = miR and I(2) = {I(2)i} where I(2)i =
mi+1R . Then the Minkowski equality
eR((I(1)I(2));R)
1
d = eR(I(1);R)
1
d + eR(I(2);R)
1
d
is satisfied but
⊕
i≥0 I(1)i and
⊕
i≥0 I(2)i do not have the same integral closure.
The following proposition generalizes an identity of Rees, [28, Lemma 2.4].
Proposition 6.5. Suppose that R is a Noetherian local ring of dimension d such that
dimN(Rˆ) < d and I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are filtrations of R by mR-primary
ideals. Suppose that M is a finitely generated R-module. Then for 1 ≤ i ≤ r,
eR(I(1)[d1], · · · ,I(i− 1)[di−1],I(i)[0],I(i+ 1)[di+1], · · · ,I(r)[dr];M)
= eR(I(1)[d1], · · · ,I(i− 1)[di−1],I(i+ 1)[di+1], · · · ,I(r)[dr ];M)
whenever d1 + · · ·+ di−1 + di+1 · · ·+ dr = d.
In particular,
eR(I(i);M) = eR(I(1)[0], . . . ,I(i− 1)[0],I(i)[d],I(i+ 1)[0], . . . ,I(r)[0];M).
Proof. By the proof of Theorem 6.3, we need only show that the identities hold for
mR-primary ideals I(1), . . . , I(r). We may assume that i = r. Let G(x1, . . . , xr) ∈
Q[x1, . . . , xr] be the homogeneous polynomial of degree d such that
lim
m→∞
λ(M/I(1)mn1 · · · I(r)mnrM)
md
= G(n1, . . . , nr)
whenever n1, . . . , nr ∈ Z+, and let Q(x1, . . . , xr−1) ∈ Q[x1, . . . , xr−1] be the homogeneous
polynomial of degree d such that
lim
m→∞
λ(M/I(1)mn1 · · · I(r − 1)mnr−1M)
md
= Q(n1, . . . , nr−1)
whenever n1, . . . , nr−1 ∈ Z+. Then for all n1, . . . , nr−1 ∈ Z+,
lim
m→∞
G(mn1, . . . ,mnr−1, 1)
md
= lim
m→∞
G(mn1, . . . ,mnr−1, 0)
md
and for α ∈ Z+,
lim
m→∞
Q(mn1, . . . ,mnr−1 + α)
md
= lim
m→∞
Q(mn1, . . . ,mnr−1)
md
.
There exists α ∈ Z+ such that I(r − 1)α ⊂ I(r). Thus for n1, . . . , nr−1 ∈ Z+,
Q(n1, . . . , nr−1) ≤ G(n1, . . . , nr−1, 1) ≤ Q(n1, . . . , nr−1 + α)
and thus we have equality of polynomials
Q(n1, . . . , nr−1) = limm→∞
Q(mn1,...,mnr−1)
md
= limm→∞
G(mn1,...,mnr−1,0)
md
= G(n1, . . . , nr−1, 0)
and the theorem holds (for mR-primary ideals). 
As a consequence of the above proposition, we extend the conclusions of Theorem 6.1
to all n1, . . . , nr ∈ N.
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Theorem 6.6. Suppose that R is a Noetherian local ring of dimension d such that
dimN(Rˆ) < d
and I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are (not necessarily Noetherian) filtrations of R by
mR-primary ideals. Suppose that M is a finitely generated R-module. Then there exists
a homogeneous polynomial G(x1, . . . , xr) ∈ R[x1, . . . , xr] which is of total degree d if G is
nonzero, such that for all n1, . . . , nr ∈ N,
lim
m→∞
λ(M/I(1)mn1 · · · I(r)nmrM)
md
= G(n1, . . . , nr).
The proof of the following proposition is by the same method as the proof of Theorem
6.3, starting with the fact that the identities of Proposition 6.7 hold for mR-primary ideals
by [32, lemma 17.4.4].
Proposition 6.7. Suppose that R is a Noetherian local ring of dimension d such that
dimN(Rˆ) < d and I(1) = {I(1)i}, . . . ,I(r) = {I(r)i} are filtrations of R by mR-primary
ideals. Suppose that
0→M1 →M2 →M3 → 0
is a short exact sequence of finitely generated R-modules. Then for any d1, . . . , dr ∈ N
with d1 + · · · + dr = d, we have that
eR(I(1)[d1], . . . ,I(r)[dr];M2)
= eR(I(1)[d1], . . . ,I(r)[dr];M1) + eR(I(1)[d1], . . . ,I(r)[dr ];M3).
The following Associativity Formula is proven for mR-primary ideals in [32, Theorem
17.4.8].
Theorem 6.8. (Associativity Formula) Suppose that R is a Noetherian local ring of di-
mension d with dimN(Rˆ) < d. Suppose I(j) = {I(j)i} for 1 ≤ j ≤ r are filtrations of R by
mR-primary ideals and M is a finitely generated R-module and I(1) = {I(1)i}, . . . I(r) =
{I(r)i} are filtrations of R by mR-primary ideals. Let P be a minimal prime of R. Then
dimN(R̂/P ) < d. For any d1, . . . , dr ∈ N with d1 + · · · + dr = d,
eR(I(1)[d1], . . . ,I(r)[dr];M) =
∑
λRP (MP )eR/P ((I(1)R/P )[d1], . . . , (I(r)R/P )[dr ];R/P )
where the sum is over the minimal primes of R such that dimR/P = d and I(j)R/P =
{I(j)iR/P}.
Proof. Let R = R/N(R). We have that N(R̂) = N(Rˆ)R̂ so dimN(R̂) < d = dim R̂.
Let P1, . . . , Ps be the minimal primes of R and S =
⊕s
i=1R/Pi. As in the proof of
Lemma 5.4, we have a natural inclusion R→ S, and there exists a non zero divisor x ∈ R
such that xS ⊂ R. Further, x is a non zerodivisor on S since S is a subring of the total
quotient ring of R. Since completion is flat, we have an induced inclusion
R̂→ Sˆ =
s⊕
i=1
R̂/Pi.
We have that xN(Sˆ) ⊂ N(R̂). Now x is a non zero divisor on Sˆ since it is on S and
completion is flat. Thus dimN(Sˆ) ≤ dimN(R̂) < d, and so dimN(R̂/Pi) < d for all i.
By Theorem 6.1 and Lemmas 5.2 and 3.2, we have that
eR(I(1)[d1], . . . ,I(r)[dr ];M) = eR(I(1)[d1], . . . ,I(r)[dr];M )
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where I(j) = {I(j)iR} for 1 ≤ j ≤ r and M =M/N(R)M .
By Theorem 6.1 and Lemmas 5.4 and 3.2,
eR(I(1)[d1], . . . ,I(r)[dr ];M ) =
s∑
i=1
eR/Pi((I(1)R/Pi)[d1], . . . , (I(r)R/Pi)[dr ];M/PiM).
Now for 1 ≤ i ≤ r,
eR/Pi((I(1)R/Pi)[d1], . . . , (I(r)R/Pi)[dr ];M/PiM)
= λRPi (MPi)eR/Pi((I(1)R/Pi)[d1], . . . , (I(r)R/Pi)[dr ];R/Pi)
by Lemma 5.3, since RPi = Q(R/Pi). 
The following theorem generalizes [32, Proposition 11.2.1] for mR-primary ideals to
filtrations of R by mR-primary ideals.
Theorem 6.9. Suppose that R is a Noetherian d-dimensional local ring such that
dimN(Rˆ) < d
and M is a finitely generated R-module. Suppose I ′ = {I ′i} and I = {Ii} are filtrations
of R by mR-primary ideals. Suppose I ′ ⊂ I (I ′i ⊂ Ii for all i) and the ring
⊕
n≥0 In is
integral over
⊕
I ′n. Then
eR(I;M) = eR(I ′;M).
The converse of Theorem 6.9 is false. Taking R to be a power series ring R =
k[[x1, . . . , xd]] over a field k, let Ii = m
i
R and I
′
i = m
i+1
R . Then eR(I;R) = eR(I ′;R)
but
⊕
n≥0 In is not integral
⊕
n≥0 I
′
n. This is in contrast to a theorem of Rees, in [28] and
[32, Theorem 11.3.1], showing that if R is a formally equidimensional Noetherian local
ring and I ′ ⊂ I are mR-primary ideals then
⊕
n≥0 I
n is integral over
⊕
n≥0(I
′)n if and
only if eR(I;R) = eR(I
′;R).
Proof. (of Theorem 6.9) Step 1). We first observe that if I ′ ⊂ I are mR-primary ideals
and
⊕
n≥0 I
n is integral over
⊕
n≥0(I
′)n, then, by [32, Theorem 8.2.1, Corollary 1.2.5 and
Proposition 11.2.1], eR(I;R) = eR(I
′;R).
Step 2). Suppose I = {Ii} and I ′ = {I ′i} are Noetherian filtrations of R by mR-
primary ideals and I ′ ⊂ I. Suppose b ∈ Z+. Define I(b) = {I(b)i } where I(b)i = Ibi and
(I ′)(b) = {(I ′)(b)i } where (I ′)(b)i = (I ′)bi. Then from Lemma 3.3 we deduce that
eR(I;R) = eR(I ′;R) if and only if eR(I(b);R) = eR((I ′)(b);R).
Step 3). Suppose I ′ ⊂ I are filtrations of R by mR-primary ideals. Suppose a ∈ Z+.
Let Ia = {Ia,n} be the a-th truncated filtration of I defined in Definition 4.1. Then there
exists a ∈ Z such that every element of⊕n≥0 Ia,n (considered as a subring of⊕n≥0 In) is
integral over
⊕
n≥0 I
′
a,n, where I ′a = {I ′a,i} is the a-th truncated filtration of I ′ defined in
Definition 4.1.
Define a Noetherian filtration Aa = {Aa,i} of R by mR-primary ideals by Aa,i = Ia,i +
I ′a,i. Thus we have inclusions of graded rings
⊕
n≥0 I
′
a,n ⊂
⊕
n≥0Aa,n and
⊕
n≥0Aa,n is
finite over
⊕
n≥0 I
′
a,n. By Steps 2) and 1),
eR(I ′a;R) = eR(Aa;R).
By Proposition 4.3,
lim
a→∞ eR(I
′
a;R) = eR(I ′;R)
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and thus
lim
a→∞ eR(Aa;R) = eR(I
′;R).
Step 4) Let notation be as in the proof of Proposition 4.3, but taking Ji = Ii and
J(a)i = I
′
ai. Define
Γ(Aa)(t) = {(m1, . . . ,md, i) ∈ Nd+1 | dimk Aa,i ∩Km1λ1+···+mdλd/Aa,i ∩K+m1λ1+···+mdλd ≥ t
and m1 + · · ·+md ≤ βi}.
Now Γ(a)(t) ⊂ Γ(Aa)(t) ⊂ Γ(t) for all t, so
∆(Γ(a)(t)) ⊂ ∆(Γ(Aa)(t)) ⊂ ∆(Γ(t))
for all a. By (14),
lim
a→∞Vol(∆(Γ(a)
(t))) = Vol(∆(Γ(t))),
and so
lim
a→∞Vol(∆(Γ(Aa)
(t))) = Vol(∆(Γ(t))).
Thus
lim
a→∞ eR(Aa;R) = eR(I;R)
by (12) of the proof of Proposition 4.3 applied to Aa.
Step 5). We have that eR(I;R) = eR(I ′;R) by Steps 3) and 4). Now eR(I;M) =
eR(I ′;M) by Theorem 6.8 (with r = 1). 
Corollary 6.10. Suppose R is a Noetherian d-dimensional local ring such that
dimN(Rˆ) < d
and M is a finitely generated R-module. Suppose that I(j)′ = {I(j)′i} and I(j) = {I(j)i}
are filtrations of R by mR-primary ideals for 1 ≤ j ≤ r. Suppose I(j)′ ⊂ I(j) for 1 ≤ j ≤ r
and the ring ⊕
n1,...,nr≥0
I(1)n1I(2)n2 · · · I(r)nr
is integral over ⊕
n1,...,nr≥0
I(1)′n1I(2)
′
n2 · · · I(r)′nr .
Then
(18) eR(I(q)[d1],I(2)[d2], . . . ,I(r)[dr ];M) = eR((I(1)′)[d1], (I(2)′)[d2], . . . , (I(r)′)[dr];M)
for all d1, . . . , dr ∈ N with d1 + · · ·+ dr = d.
Proof. For n1, . . . , nr ∈ Z+, the ring
⊕
m≥0 I(1)mn1I(2)mn2 · · · I(r)mnr is integral over⊕
m≥0 I(1)
′
mn1I(2)
′
mn2 · · · I(r)′mnr , so
lim
m→∞
λ(M/I(1)mn1I(2)mn2 · · · I(r)mnrM)
md
= lim
m→∞
λ(M/I(1)′mn1I(2)
′
mn2 · · · I(r)′mnrM)
md
by Theorem 6.9. Thus we have the equalities (18) by Lemma 3.2 and Theorem 6.1. 
24
7. Multigraded Filtrations
We define a multigraded filtration I = {In1,...,nr}n1,...,nr∈N of ideals on a ring R to be a
collection of ideals of R such that R = I0,...,0,
In1,...,nnj−1 ,nj+1,nj+1,...,nr ⊂ In1,...,nj−1,nj ,nj+1,...,nr
for all n1, . . . , nr ∈ N and Ia1,...,arIb1,...,br ⊂ Ia1+b1,...,ar+br whenever a1, . . . , ar, b1, . . . , br ∈
N.
A multigraded filtration I = {In1,...,nr} of ideals on a local ring R is a multigraded
filtration of R by mR-primary ideals if In1,...,nr is mR-primary whenever n1+ · · ·+nr > 0.
If R is a Noetherian local ring of dimension d with dimN(Rˆ) < d and I = {In1,...,nr} is
a multigraded filtration of R by mR-primary ideals, then we can define (by Theorem 1.1)
the function
(19) P (n1, . . . , nr) = lim
m→∞
λ(R/Imn1,...,mnr)
md
and ask if it has polynomial like behavior. The following example shows that it can be
far from polynomial like, so Theorem 6.1 does not have a good generalization to arbitrary
multigraded filtrations of mR-primary ideals.
Let R = k[[t]] be a power series ring over a field k. For (n1, n2) ∈ N2, define α : N2 → N
by
α(n1, n2) = ⌈
√
n21 + n
2
2⌉
where for a real number x, ⌈x⌉ is the smallest integer a such that x ≤ a.
Define In1,n2 = (t
α(n1,n2)) and I = {In1,n2}. Then I is a multigraded filtration of R by
mR-primary ideals. For (n1, n2) ∈ N2, we have that
P (n1, n2) = lim
m→∞
λ(R/Imn1,mn2)
m
= lim
m→∞
⌈m
√
n21 + n
2
2⌉
m
= ⌈
√
n21 + n
2
2⌉.
We now show that the function (19) is polynomial like in an important situation. Let
R be an excellent, normal local ring of dimension two, and let f : X → Spec(R) be a
resolution of singularities, with integral exceptional divisors E1, . . . , Er. A resolution of
singularities of a two dimensional, excellent local domain always exists by [21] or [4]. If
n1, . . . , nr ∈ N, let Dn1,...,nr =
∑r
i=1 niEi, and define
In1,...,nr = Γ(X,OX (−Dn1,...,nr)),
which is an mR-primary ideal in R. Then {In1,...,nr} is a multigraded filtration of R by
mR-primary ideals. By Theorem 4 of [5], if the divisor class group Cl(R) is not a torsion
group, then there exists a resolution of singularities f : X → spec(R) and an exceptional
divisor F on X such that
⊕
n≥0 Γ(X,OX (−nF )) is not a finitely generated R-algebra, so
that
⊕
n1,...,nr≥0 In1,...,nr is not a finitely generated R-algebra, and thus the multigraded
filtration {In1,...,nr} is not Noetherian. In Proposition 6.3 [9], it is shown that there exists
an abstract complex of polyhedral sets P whose union is Q≥0 (Definition 4.4 [9]), such
that for P ∈ P and (n1, . . . , nr) ∈ P ∩Nr,
λ(R/In1,...,nr) = QP (n1, . . . , nr) + LP (n1, . . . , nr) + ΦP (n1, . . . , nr),
whereQP (n1, . . . , nr) is a quadratic polynomial with rational coefficients, LP (n1, . . . , nr) is
a linear function with periodic coefficients (a linear quasi polynomial) and ΦP (n1, . . . , nr)
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is a bounded function (|ΦP (n1, . . . , nr)| is bounded). Thus the function defined in (19) is
piecewise polynomial, with
P (n1, . . . , nr) = lim
m→∞
λ(R/Imn1,...,mnr)
m2
= QP (n1, . . . , nr)
if (n1, . . . , nr) ∈ P . We have the further interpretation of P (n1, . . . , nr) as the intersection
product
P (n1, . . . , nr) = −1
2
(∆2n1,...,nr)
where ∆n1,...,nr is the Zariski Q-divisor associated to −n1E1− · · ·−nrEr [9, Formula (7)].
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